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ABSTRACT

This report describes a study conducted to estimate the torques acting
on electrically conducting shells rotating in a magnetic field. The basic
electromagnetic expressions leading to an evaluation of torque are given using
various approaches with comparisons for the spherical shell. Application of
these techniques to cylindrical shells with flat and hemisphere shell ends is
described. The torques both slow and alter the direction of the rotating mo-
tion, and the resultant decay time constants can be in the order of days,
Factors affecting this decay time and influencing shell design are examined,
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SECTION I
INTRODUCTION

HISTORICAL SUMMARY

After the discovery of electromagnetic induction by M. Faraday and

J. Henry (1841) the slowing down effect, which conductors experience when

%
rotating in a magnetic field, was studied by H. Heriz (1896). (1] Shortly

after, additional analytic treatment was described by R. Gans (1903).[‘)" 3]

These results for spherical shells also appear in the relatively modern

text by Smythe. [4]

Effort during the first half of this century concentrated on generator
and motor design. While studies in electromagnetism, terrestial magnetism,
and mechanics appeared in various texts, a rekindling of interest in the
basic questions concerning the interact-ion of conducting bodies moving in
magnetic fields awaited the arrival of the space age around 1955. Then a
number of investigations, for example, Rosenstock, Vinti, and Zunov[ 5,6, 1
considered the problem in terms of a spinning satellite moving in an earth
orbit. Yet until the present, very little was done analytically on other than
a few regulariy shaped bodies such as spheres, cylinders, and prolate

9
spheroids.[s’ , 10)

A good deal of effort has been given to using observed satellite data to
arrive empirically at decay and motion perturbation estimates.[ 11, 12] In
(13
this regard, a rather comprehensive treatmeat recently appeared by Yu,* ]

*
Numbers in brackets refer to References cited at the end of the report.
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Finally, a relaiively large effort also has been given to utilizing the
interaction of the magnetosphere with on-board magnetic sources in order
to effect attitude control.[ 14, 15] In dealing with objects in orbit, the inter-
action of the magnetosphere need not only be with the induced eddy currents.
It may also react with existing current or magnetic sources on the object as
well as with the magnetic field induced. There may also be reactions of

ambient electric fields with induced electric fields.

THE SCOPE OF THE PROBLEM

When a conductor and a magnetic field undergo relative motion*, an
electromotive force is developed in the conductor. If closed conducting
paths are present through which a change of magnetic flux occurs, then
eddy currents flow in the conductor. The further interaction of this current
flow with the magnetic field produces torques which in general both dissipate
the rotational energy and cause an orientation change in the rotation axis.

In addition, the currents if sufficiently strong produce a magnetic field which

can appreciably perturb the background magnetic field.

The analytic effort of interest here is that concerned with deriving
expressions for the resulting torques, and also with the decay time con-
stants which result, rather than the over-all motion problem to account for
all magnetic torque components and the resulting motion about the center of

mass as the objéct moves in orbit.

It will also be our concern here to deal with modified cylinder shapes

and to discuss the design problen; for realizing desired motion lifetimes.

*This includes the case of a stationary conductor and a magnetic field varying
in time-space.
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SECTION II

ANALYTICAL APPROACHES

To provide a background for the methods of calculating eddy current
torques, we begin this section by describing the basic electromagnetic and
mechanics equations appropriate to establishing mathematical models. The

following symbols apply to the equations given in the report:

Electromagnetics Mechanics - Geometry
& = electromotive force M = mass
E = electric intensity vector I = moment of inertia
. H= magnetic intensity vector w = angular velocity vector
- D = electric flux vector V = velocity vector
. B= magnetic flux vector r = distance from center of mass
- & = flux linkage f = force vector
t p = charge density T = torque vector
1 i = current density vector 2 = path length on object
: o = conductivity
! € = emissivity
# = magnetic permeability
c = speed of light
Using a Gaussian system of units, the applicable basic equations are:
- . vV xE-= —:-; %?_ o)
“ I=a[§ +% (-\_Ixﬁ)]+ p-\7 (2)




oy

o]

vV xH-=

KN

°|=|
ey
+

(35N

£
B}

i

@)

el

V =

Lz ]

X

(4)

Equations (1) to (3) apply whether measured in an inertial frame at rest with
the laboratory, or fixed with respect to an inertial observer instantaneously
at rest with respect to a point in the moving object. For an inertial frame
at rest for some point on the object, the following constitutive equations

apply: ’

DI

]
m
e

(5)
Bt = pH (6)

Using unprimed quantities to apply for a fixed frame and taking
p =1, € = 1 (for a metal) and (V/c)2 «1 we get, inside the metal, for

[6]

our purposes

D= E (7)
Bx~H (8)
Also for (V/¢)? « 1
i=1"+pV (9)
E' = E + (V x 8)u/e (10)

In addition, the contribution of the convection currents p V in regard
to producing torque can be neglected. Their elimination in this respect can
be justified both due to the relatively small contribution to i and also a
possible cancellation for torque due to geometrici:allsymmetry. The only

6

effect, which is very small, is a turning torque.

we take

However, in general
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i=1 +pV (11)

i'=o0 [E +.‘ci  x ﬁ)] (12)

In respect to the discussion in the introduction, it is interesting to
recall the two mechanisms for inducing an electromotive force & about a

conducting path S. Using g = 1 we have

6=§i§*-d§=§ §+(V§H) -

1
1
Ol b=
| peagyy |
[ 5)
-r|»9<
N——
<
I
(=
+
| @
.-rl'e«
les]
]
o
o
=3
7]
g
[ S——— |

dé

t (13)

\
1
Q1=

where d&/dt is the rate of change of flux linking path S.

We are concerned here with (8%/8t) B = constant due to motion as
well as (08/3t) V = 0 if 8H/dt # 0, that is, if the background magnetic
field is disturbed.

If the background magnetic field is fixed and the eddy currents do not
appreciatively alter it, then we may take 9H/9t = 0 in Equation (1). This
allows V x E = 0 which results in a convenient approach for the spherical

shell described under "The Spherical Shell. "

The angular motion @ can be resolved as

w = w“ + w.l. (14)




where

5” is parallel to H
w is normal to H
4

The effect of 5” is to cause charge separation toward the conductor
boundary, that is radially from the rotation axis, resulting in an electric
field E which balances out the originally induced electric field caused by

the motion. In other words with GIT{/Bt = 0 and taking -‘}H =5H x r then

1—3'=-ﬁ+£—(“-f.”){ﬁ)=o (15)

Using Equation (12) then gives
it=10 (16)

With respect to the fixed frame the zero torque result alsv obtains as

can be seen from the force expression using Equation (11) for 1 as follows

pE +ix pH=pE +[pV+0o(E +V=xeH] xpH

f
=p(E+VxpuH)y+0E+VxuH =0 @an

from Equation (15).
This is equivalent to saying that under 51 ] action, no closed i loops

occur. Here V * i # 0 and amounts to 9D/9t # 0. The effect is

referred to as electrostatic shielding. For c_o'l the charge separation

b

dissipates rapidiy along closed current loops. This in essence amounts to

assuming 8D/dt = 0 , since using

V:-D=¢4np (18)
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implies no charge build-up. More exactly, from Equations (3) and (18) with

D', we have

[
(s
<
]
[++]

©

I

V * it = oo . = -

N
3
Q)
L d
Q

t (19)

The rates 9 p'/d t are electromagnetic and so much more rapid than
the motion rate w. Thus, taking for the transient i = o E', Equation (18)

allows simply

op' _ 4rop'
ot € (20)
that is
I
p' = p'oe '/T, T = €/4ro (21)

For example, T for aluminum = 0,2 x 10'18 sec. Thus, for a conductor

such as aluminum, the time constant 7 is extremely short.

Hence, any tendency for charge build-up is rapidly dissipated and in
the steady state (w ~ constant) causes no opposing electric field as in
Equation (16). Notice from Equation (1) that when 3R/dt # 0, an electric
field can be developed even though no charge build-up occurs. Thus we may
summarize by stating that an electric field is produced to oppose that caused
by the motion (V x H/c) if

(1) 1 causes 8H/0t # 0 (i.e., changes in the total magnetic field).

(2) i causes a build-up of charge.




In the case of only 5” present, case (2),as we have noted, results in
i* = 0andsono torque is produced.* In such a case the opposing electric

field is generated by the charge build-up.
Considering Equations (3) and (11) leads to

Vxﬁ=‘%rg(l—3+vzn)+aD+4ﬂp\7 (22)

We see that 8D/0t = 0 requires

Im
®
=l

? E » (23)

Q
Py

or for harmonic time variation

o/f » €

a condition satisfied for good conductors and frequencies up to 1010 me.
In this discussion the condition is valid and results in the so-called quasi-

stationary case with no displacement current.

Taking the case of Equation (22) we have
VH=————-M<VX(‘VXI_~I)) (24)
c c

We consider E = El + f)z such that we associate

= Vv x HY_
vV x [El +( S )]— 0 (25)

*Unless c‘ol ] is strictly constant, current transients occur. The torques

developed from the resulting field disturbances are negligible, however,
with respect to the torque due to the steady state w L motion.




and

-ouw x E

w

2 7/30 rad/sec), has V x
2

26
5 (26)
For example, an aluminum object of characteristic length £

with V on its surface between 0 and about 12 em/sec (corresponding to
and E

o

~ 125 cm and
should be compar

b]e whao

warw

(V x H/e) ~ VH/cf and
c/dmop V- H ~ cH/4mopf with equal order effects on 9H/9 t

¢ we have associated

V x H/c and E with Vv H that is the effect of the presence of the body

Then E
E

in disturbing the backg'round magnetic field

expressions, *

1
with the motion

We shall conclude this discussion by developing the basic torque
From Equations (4) and (11),

i o—
and

[E + 8 (5 x 1) =

r ﬂ @7
dT=Ex£=§xH
on a differential volume.

(ixH d V]
where the differential torque dT is developed from the force occurring

Then with u

(28)
=1

tively E in E =

E 1 + E
parallel to H

*By neglecting t the p V term in 1 we are in essence taking E to be effec~
where E

is due to the component of
i.e., the component due to charge build-up
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As noted previously, for w = o
X

(w x T) x H and using @)

T (-1 (s o[(w:r)xﬁ+ﬁ]xﬁ av

Vol Vol : (29)

. T = 0 (no flux linkage). Then expanding

==
!

gix [@’_'_g@i.+§:|xﬁ

Vol

orqg

o ——

(30)_

Since r can have arbitrary orientation with respect to H ,*

- fe-®Y- . - -
E—-( S >r,fo1w-w” (31)

which is an alternate form of Equation (15).

Let
= _ L
s | (32)
where
}_{” is the component of H parallel to w
ITIJ_ is the component of H normalto
Similarly let
= _ =,z
R | 39)

* ] ) —

1t is to be recalled (see Equation (17)) that the E of Equation (31) is due to
charge build-up. We have neglected the p V term in the torque expression
here since it does not effectively contribute.

10
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where

We note if w = ik then (w - H)

1
=
wn
[e]
o+
=3
®
o+
=

1}

p

Then,

o1 q

Vol ¢ Vo

We can write Equation (36) as

- o "o —_ —_ —_
T = - ‘er(Ele)dV+2T0
Vol
where
- [o4 - — — - -
To=—§(wa)x§(H-r)rdV
2c

Vol

gfx[ﬁlxﬁ]dv-% Slf'x[(}—l- Vo xH

(34)

(85)

(37

is an expression for the complete torque on a sphere shape if V x E = 0

is assumed as well as 9D/at = 0.

11
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The Spherical Shell

We begin the discussion using an approximate but convenient method
(6]

based on Vinti. This method also gives insight into torques for other

shapes discussed in Section II.

The assumption made is that V x E = 0. This amounts to saying
that the magnetic field is not appreciably perturbed by the rotating conducting
sphere shell, We define the inner radius of the shell by a and the outer
radius by b, and call the thickness h = b - a. As noted previously the

torque is given by

Tr=§[?xaxﬁ)]‘_‘} (39)
Vol

*with Vv x E = 0 (iedH/6t = 0) then

Vxi=-Vv x (Vx H)

olQ

(40)

For H constant and uniform and « constant, we find expanding the curl

of the cross product,

vz (VxH=-Hxow (41)
Then
T G ~ T3
VX1=E((0XH) (42)
or
=2 @xH xr+Vo (43)
1—%(wx)>.rx

*The implication is that E = V¥ with ¥ a scalar function, since
vV x (V¥) = 0.

12
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We note that v + {1

0 using 8D/t = 0, and with Equation (43)
0, then

and Vv - [(w x H) x 7

vé=0 (44)

that is, ¢ satisfies Laplace's equation.

Considering the surface boundary conditions due to continuity of the
normal i component

9¢ _ _ . .
& Vo lsurface = 0 and the geometrical radial symmetry

applicable with the sphere, there results V¢ = 0 or

- g - = =
l—é-a(wa)xr

(45)
We then obtain from Equation (39) by expanding the triple product and
simplifying results in a single term,
o r
T=T =—(éxH)x[H- SfrdV]
o 2
2c Vol (46)
T ~ » A
Now for shell sphere taking,* r x 1 + Xy 1, + Xq i
%
The il ;1 = 1, 2, 3 are unit vectors in the 3 coordinate directions.
Equations {47) come from S Xixj dvV = 0, i £ j and

Vol




——

o e e b,

L, T

Vol i, j=1

|
|
]
—
o
[91]
!
o
[4)]
~—
NN
[l ]
-t
+
ot
Lk
+
w ?
\Oy,'
S

(47)
with H =01 +8381+3 ¢
1t Hy it
fi S‘ Frav = o7 (bs - as)ﬁ
15
Vol
Thus )
To=[f_g_%<b5-a5>(a,xﬁ)]xﬁ=ﬁxﬁ .
c (48) .
where we may take
M = magnetic moment of the sphere shell.
We define the constant factor
K = 21r02 (ba _ a5> - 10'2
15¢c 4pc
~ 21raa4h
3c2 (49) )

where 1 is the moment of inertia of sphere shell, p = uniform mass density

and* for h/a « 1, .

* - -
In general for h/a « 1, b - am = g° 1 (nh) or bn 1 (nh).

14
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1

<b5 - a5> 5a4h

5b*h (50)

iR

Thus

T = k[ x M) x A] oD

We may resolve To into components parailel and orthogonal to w denoted

respectively as ToD and ToT (D for drag, T for turning).

Then
To - ToD * ToT - (To ) lw) ‘w * o X<To x 1w> (52)

Substituting from Equation (51) and expanding the triple cross product

T - -k[|ﬁ12 -<fw : ﬁ)z]a, - -l 1%

(53)
and
T - ‘A . H ‘. H ¢ = Ie " H
or = ko (1w 11)[1w x (H X le kw |H”l Hy
(54
with Equation (49) it is to be noted that Equation (51) becomes
2
27 lﬁ..l.l o (b5 = as) _
ToD = 2 @
15¢” (55)

Equation (55) is ncw described using an alternate approach which is less

restrictive and applicable to other object shapes.
Let us consider the following geometry for the solid sphere of radius b.

15




Let {x, Yy, z2}bea fixed-in-space coordinate system.

{t, h, Z} be a fixed-in-the-body coordinate system.

We now reformulate the model of 24 spinning shell in a fixed field to a shell

in a field which changes in time to correspond to the relative motion, since
torque depends only on relative motion. We note also that even though H

is taken normal to w in the diagram so as to get only a damping torque, the
model allows a general orientation between H and @ as in the previous

calculation for torque. For the motion assumed we can take Z = z. Then
H, = (H cos t)f
3 X £

H = -(H sinwt)f
U] X ]

H =09 (56)

16




In complex form these become

B = e 5 = Refi
£ X § £
N -iut,
H =-iHe H = ReH
n X n
H =0
Z

(87)

The method now uses the formulation of the magnetic moment based
on Landau and Tifshitz. [16]

Let M = tofal magnetic moment acquired by a conductor in a mag-

netic field. In general, the torque on the conductor in the magnetic field
H is then

T=MxH (58)
which compares to Equation (48) for the sphere. We take
3 3
1V1=§ M i, I_{=ZH,f,
&) 11 }J
i=1 j=1 (59)
Then Mi can be written as
M; = Vo @B (60)

where

= volume of the conductor

angular rate of conductor with respect to field direction

17
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T

Vaik(w) = magnetic polarizability, a tensor, where aik
is symmetric and depends on the body shape .
and orientation of the externai field but not on

the volume. ¢

For the sphere (solid) o is a scalar* « 6ik and we have

M=Vai (61)

with @ = al + ioez. For the sphere, the same & applies whether the

H field is ﬁ.l. or P—I” so that

M, =VH . coswt + o sinwt)
3 X

1 2
= i 62 s
Mn VHx (-ozl sin wt + az coswt) (62)
M =0
Z
Using
M = M, coswt - M sinowt
X £ ]
M = M, sinwt + M_cos wt (63)
y 3 ]

*éik is the Kronecker ducta. For the sphere the polarizability per unit

. _ B} _ 3 3 3
volumeis ¢ = w, + i@ = [1—-—2—-§+bk

1 5 -3 cot bk] where
T bk

1+ i 1 . .
k = = i depth. It is to be noted also -
3 and 6 Crod) 1/3 is the skin dep i

that since @ is complex, a retardation exists between M and H and so
non-colinearity and non-zero torque.

18




We get

M =VH «
X X1
M =VH «
y X 2
Mz = 0 (64)
Then with H = ﬁx?x and Equation (61),
T =0
X
T =0
y
T = -MH = -VH «
z VX X 2 {65)
b2 w 4 3
If the skin depth* & > b then @, = "2 so that with V = zab’,
10¢
b’ o f  orH Zobo@
o X Z _ X
2 3002 150> (66)

To approximate the thin spherical shell when h/a « 1, we subtract
the result for i‘z at a , the inner radius, from the result "I‘z at b, the

outer radius. This gives for the spherical shell from Equation (66),

T o= . 2T Hzo(bs—a5>&3
2 X

z 15¢ (67)

*
For a shell 6 > h (the shell thickness).

19




Equation (67) agrees exactly with Equation (49) since in our case
H="H =Hi .

_]_ x'x

The form given by Equation (67) thus agrees with Equation (55) which

was derived neglecting the effect of 9H/8 t # 0, if present.

For a spherical shell thick enough and with the ail..ﬁ geometry, the

assumption 8H/8 t = 0 is reasonable. The formula for a very thin shell

[4]

given in Smyth includes the 8H/9 t effect and restricts H normal to w.

Converting this result to our terminology gives,

Cw
T = - .—1.__.2_
1+ Cw (68)
where
2
C, = (2/3)nu H20b4 h
2
. - " bzazhz
2 9

Forus p = 1 and taking 9HA t = 0 is to take C2 = 0. Using

5 5 2 (5 5
b* = 22 thengives c, = 27HO 1(5" -o’) Applying this to

the Gaussian system of units then produces agreement with Equations (55)

and (67).

We close this section by noting that a recent investigation by Halverson
and Cohen[ 8] has included the generalization of considering both rotation
with @ and B arbitrarily related as in Equations (52) or {59) as well as

oH/ # ¢ as in Equation (68).

The model of using the assumed equivalence of a time-varying f.eld and

fixed conductor for the moving conductor in a fixed field is applied.

20
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Using the vector potential A (see Refererces (4) and (8)) where

VxA=8B (09)
then
V2 - 4ruc dA
c dt (70)
and
i= - co fd_;i
ir dt (71)

We note Equation (70) also applies to E, i and 1 .

The torque given by Equation (29) or (39) can be written in the equivalent

form

T=-7 gix[?é-x (Vxﬁ)]dv
c ot

Vol (72)

Solving Equation (70) with the appropriate boundary conditions for the
sphere shell results in a general formula with rather complicated coeffi-

(8]

cients. For a good conductoror with w low [with ¢ — 0, see
Reference (8)] or a good dielectric or high w (q — «), the form of the
coefficients simplify, with @ = wk and ¥ (w, B) = a, to give for

q <1l(q—0)

3.2

-T-=3sz \’[_ 2(1_p5)

o)
S
>
+
pat
sl
—
oo
I
e
+
]

(73)




for q > 100 (q — =)

+ [(} - %) I‘E} 2 sin2 a('
T q \ (74)

b (2 P)l/ 2. p = ﬁrﬂ , T = resistance/unit length

£L
]

p = b/a

For a thin shell p — 1, so that taking h = b - a with surface

resistivity ¢ = 7/h remaining finite, then with q arbitrary,

4.2
""sz 5 [(- 3t i+ pow b‘j) sin 2o + ¢ ﬁ(zsinza)]

T = 2
+
9L b w b (75)
For _BJ_ w (i.e.;, a = 7/2)
= 6rBxwb- _ 6rBlowb h 76
2 2 2.2 2.22 2 /

9" + 4 w b 9 4+ ubo h

Equation (67b) is the form given by Equation (68) with ¢ = 1/oh.

A

The ; , 3 , and k components of E‘ in Equation (73) , (74) or (75) are

-C1 sin 2¢ , 02 sin2¢ , and 2 C sinzoz respectively. These forms also

1
apply, aside from the specific values for C1 and 02 , for the general case

with no restrictions on q or h.

22
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We see, as before, that

]

() T=0if @ = 0(i.e., w and B are parallel)

(2) The 1 and jf components of T cause w to precess about B,

The situation in (2) is consistent with the simplified form of To’r in
the H; direction given in Equation (54). Except for perfect conductors,
the vettor w then precesses in the steady state until it becomes, for fixed
B, colinear with B. As o approaches B, w i energy is transferred to

c-u” which is dropping due to damping of @ such that w-“ rernains constant

for constant B.
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SECTION III
APPLICATION TO CYLINDER-TYPE SHELLS

NON-SPHERICAL SHAPES

As noted the torque, in general, can be given as

=-S}x<}o[@x;‘)}(ﬁ +_I§] x H

l
bt

c e S
Vol (77)

where the effect of convection currents can usually be neglected. Expanding

the triple product then gives

7= SE‘X[(E-I-E@*;_@)xﬁ]dV-gS?xK&C}%ﬂ)

Vol Vol

X ﬁ] dv (78)

Using Equations (33) and (34) then allows for T, in general, as

i:fgzx(i x'}'{)dV+2T
(o] J_ [o]

Vol (79)

T=£~—(&xﬁ)x(ﬁ'§}§dv
(o] 202
\ Vol (80)

In the case of a sphere shell T = To which implies

o - — - —
ES‘rx(Ele)dV—-To.

Vol

where
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To say this in general would be to imply that V¢ = 0 in

T=-§é(6xﬁ>x§+v¢ (81)

which is not true for non-spherical body geometries.

Thus, approaches using equations such as Equation (70) which take
account of the field and currents internal to non-spherical geometries must
be used. For cylinder shapes T values can result which do not differ
greatly from ’i‘o . In additicn, the dyadic form S‘ rrdvVin To is useful
for comparing different cylinder end configurations. (See Equation (83) and

section entitled "Hemisphere End Cylinder".)

We also note that if conditions (1) and (2) (see page 9) do not hold, then

as also noted in Reference (17), we may drop E and take

E=§(Zcx'r)xﬁ (82)

To do this would give for w i H,

T = 2 To (83)
which in the sphere case, at least, is in error by a factor of 2.

Thus, although V x E = 0 is assumed from 8H/8t = 0 to get
T = To for the sptere, charge movement etc. does not allow dropping of

the E itself.

Finally when w = c-un then To = 0. With T = 0 in general for
such orientation, then we might use the approximation
T=K1, (84)

since EH and fl are not in general zero.
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RIGHT CIRCULAR CYLINDERS

Initially in order to 'ify the field equations, a spin axis @ normal
to H is assumed. This a. 11ows comparison with more complicated
analysis. Here the assumptions of both zero displacement current 8D/3t = 0

and nonperturbed field 8f/6t = v x E = 0 are made.

Considering the field induced in a current path moving with the body

we write from Equation (10)

— ai-[ u(_ _.)
xE! = —_ i
ViE I'l'c)t +Vx[c VxH] (85)

With v x E = u Bﬁ/at = 0, \_ll the component of V normalto H, 2

Y

the cylinder length at direction £ , and neglecting end effects, there results

£ = I.‘_}_I ?
E S Vlﬂ
= _yosina £ (86)
where @ = ¥ (v, 8.
For a path length ¢ , the voltage & becomes*
6=-‘;—H-zrwsina (87)

*An approach similar to the one outlined here can be based on using

V = Voltage = dg¢/dt; ¢ = flux linkage,

P = power dissipated = -V2/R; R = resistance of induced current paths.
T = torque = 1/w dV/dt = 1/w P.

il

Such an approach can be used to develop torque values for tumbling cylinders[.le]
However, such methods, although simple to construct, can be in error (e. g.,
page 30) since they do not account compietely for the induced current paths and
boundary conditions as do methods based on Maxwell field equations.
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By calculating the path resistance next, a value of i and then T is obtained
using

T=g§§x(fxﬁ)dv

With a and b the inside and outside radii respectively for a cylinder of

9
length £, Hooper[ ] using this approach gives, with conducting end plates
(in MKS units),
2
Tz i H2 £2 wa(b4 - a4)
4(f + a + D) (88)
or
re _ H2%00b’h
T T T (@ +a+ b (89)

using h = b - a and the footrnote on page 14, and without end plates,

T = - wquzlzwa(b4 - a4)
4[2 + 7/4 (a + b)] (90)
or as in (89)
T e - 1rp21{2£2w0'b3h
B 2 + 7/4(a + b) (91)

Similar calculations on the sphere shell give

= _ 322 2 (5 5)
T=-—p H wo \b - a 92)

which agrees very closely with Equation (67).

However, Smythe's analysis (Reference 4) accounting for 8H/at # 0
gives for w, the spinning cylinder shell without end plates, H J_c: , and

h smalil
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4 +w s bh o (93)

Neglecting 9H/0t reduces Equation (93) to (in MKS units)

T=-rwohb B g (94)

which agrees with (91) if the term 7/a (a + b) is neglected in the denomi-
nator. Since (94) agrees with a third calculation given below, it appears that

the calculation of the resistance path in Reference 9 may be in error.

We now proceed to a calculation similar to that used on the sphere
starting with Equation (56). This will be done for a tumbling (as well as

spinning) cylinder. In both cases «, H still applies.

1

We view the geometry as shown

where the tensor e,

ik reduces to'the scalar a 6 i

k
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A ..‘,M»mpﬁvm‘ﬂm‘m‘q‘

)
L4

I

’ it:**w-* e gt

Equations (56 ) through (60) still apply. Now, however, we deal with two

values of @, say a' and a", where «' applies when H is orthogonal

to the cylinder axis and « ' when H is parallel to this axis.

Following as before, we now obtain

VRe [(ozl' +i az') (er 'i“’t)]

/
VH a'coswt+a’Sinwt)
x 1 2

=
0

¢ VRe (oz'Hg)

(95)

M = VRe { a"H = VRe|{a." + ica " -iH e_iwt
n 7 1 2 X

= VHx (—al" sinwt + «/ ' cos wt)

2
VHx
= eo—— - H i o+ t
5 (ozl sin wt oz2 cos wt) (96)
M = O(H = o) ©97)
z z
using, in the M'fl equation, the fact that a™ = «'/2 (see Referense 16).
With Equation (63) we have
2
i 5i 98
M o= VH |aifq . smwt) ., sinwtcoswt (98)
X X 1 2 2 2
M = VH a,sinwtcoswt + oo 1_008223
y X 1 2 2 2 (99)
M =0 (100)
z
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Now the torque per unit length gives

"f‘=1\—/lxﬁ=(MH—MH>f+<MH -MH>1‘
Yy 'z zy] x zZ X x z/y

= Tx ¥ * Ty ly * Tz iz (101)
so that
T =0;<M = H =0> (102)
X z Z
T =0;(M = H =0) (103)
y Z z
T=—MH;(H=0) (104)
Z yXx y
where
- A
H=H1i
X X
Thus using*
a,=¢rb40'2w2 a,=b20w
1 4 T2 2
6c 4c
' k
2d; (ka) .
1 1 1+
! = . - ———— . =
The exact value has «o 5 ( 5 Jo w5 ) k 5
When the skin depth é > b or for the shell, then the approximate values
for ozl' ) az' used above apply.
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2 rb402w2 sinwtcos wt

T = - MH = -VH -
Z Yy X X 6c4 2
bzaw coszcut
2 \' "%
4c
VH 2b20w 2 2
X b ow . cos  wt
= - - sin wt cos wt + {1 = ————
2 2 2
4c 3c
TH 2b4<rw 2
X cos 2wt b ow .
= - {—2 ___ __I3/4 - - sin 2wt
2 4 2
4c 6c

(105)

Considering the average torque per period gives for the bracket contents,

21
1
E:S I: ]d9=3/4,0=wt
0
so that
— 3~ Hz b4 ow
Avg TZ = -
16¢c (106)

Doing the same for a cylinder of radius a and subtracting* for the shell
of thickness h = (b - a) < a gives the average torque for length £
{(Tumbling)

37 Hoow 0 (b4 - a4) - 37‘.H2crwb3£

7
16¢ ac? (107)

A T = -
vg‘Tz

*Since ¥ ¢ # 0 for the cylinder, as it was for the sphere, the result now
is an approximation,
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Doing a similar calculation for a spinning cylinder shell where only a'

applies gives

M = VHxal' (108)
My = VH a,’ (109)
M, =0 (110)
T, = - MyHx (111)

The steady state nature of the torque is revealed by Equations (108) through

(111) and gives per unit iength.
(Spinning)

T =-MH =-frb2£Hx b‘;‘*‘
4c (112)

Accounting for a thin shell of thickness h = (b - a) leads after subtraction

to the torque for a cylinder of length ¢,

wwa(b4 - a4>H212

el
|
'

2 (113)

32




-
v

e e #

e | e e bt

Equation (113) agrees exactly with (94) based on Smythe[ 4] where in (113)

i = 1 is assumed*

Only ozz' appears in the average torque expression of Equation (107)
for a tumbling cylinder shell and in the torque expression of Equation (113)
for a spinning cylinder shell. We now examine for a possible case of
interest the effect of using the exact value of «' as given in the footnote on
page 30 as opposed to the approximate value (for & > b) also given on the

bottom of page 30 and used in Equations (107) and (113).

For a solid aluminum cylinder with « = 27 /100 and of radius
b = 0.625m

@ ' (approx) = bzo'w - 0.136
o \aPP p) o7

4c

0.128

1 =
a, (exact) T

Similarly for a solid cylinder of radius a = 0.615m,

' (approx) = 0.132
%y 12PP 27
0.127
1 =
a, (exact) o

b 4
The possibility of agreement appears plausible in the spinning case where
with @ .l_ H a steady state condition might result so that the effect on the

currents from V ¢ cancels motion effects because of symmetry. The
tumbling case affords less possibility for steady state conditions.
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This amounts to a reduction of torque in each case by 4 percent, so that

using « 2' (exact) in the shell cases gives

revised Avg T for tumbling cylinder shell = 0.9¢ (Avg T of
Equation (107))

revised T for spinning cylinder shell = 0.96 (T of Equation (113)).

Finally with the shell thin h « a, the Bessel furction form for o'
provides an approximation using the subtraction approach employed above.
The agreement in certain situations as we have noted, with torque values
calculated in alternate ways, e.g. using Smythe values, supports this

approach, in at least a limited application.

HEMISPHERE END CYLINDER

Rather than open or flat ends it may be useful for radar applications,
for example, to have rounded ends. To provide some insight on the effect
of such rounding, we choose to consider cylinder shells capped with hemi-
sphere shells. To relate the relative contribution of such ends to ;he torque
we turn to the dyadic calculation in the torque formulation expressed by "I"O

(see Section III).

a) Open End Cylinder Shell Co

- = _ ~R . = 3
Srr dv = 5 z ka2 lkka dv ; x1 X
Vol k, £=1 x2 =y
x3 =z

(114)
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Now

L
xN
&

I

Syz dv

Vol Vol

£/2 b 2
g z2 av = S S‘
Vol -2/2 a 0

0; alli #

ey
w-x
Cnde x
jo )
<
i

(xz . yz) 1/2

2/2 b 2%
g S Sl (r cos 6)2 rdgdrdz
-£/2a 0
x [ 4 4] .
T -al =4 (115)
T
2 _w 2 2\ .3 _
z" rdgdrdz = -l—é(b - a)JZ = B
(116)
; (117)
({:i‘x +L1)+ B L1
' vy (118)
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and

o]

S‘EEdVC=A 5 +f | + BE
) o\ "x y 0z
Vol (119)

Note with respect to the direction i , We may call ﬁ” =H - f , S0 that

AlH + #H +BH =AH B H
o] T 5]

o\ 'x y 0z (120)
b) Hemisphere Capped Cylinder Shell C1
We now apply Equation (114) to the object shown below
X
g,
/’
. y
Now
S‘x.x_dV=0,17‘J
1)
Vol (121)
= U y2aw ol (27 2y, _41(5 5 _
(‘de—‘gl) dv*§ p\-xup/dp—l—s\b-d./-ﬂl
Vol Vol Vol
= S‘ 2% av
Vol (122)
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where

po(s2ap2)

f z2 dv z S‘ [sgn

Vol each Vol
hemisphere
2
£ 4
=T Vol (sphere) + I
+ 2
2
T

In Equation (123) use has been made of

S"i'dV = 2 V pcosd dVv

Hemisphere Quadrant
Shell

#/2 b
= 2% S p3cosasin0 doédp
0 a

1 b
3 .
= 27.-§udu§ p dpi;u = sin ¢
0 a

37

;Z=zi£/2

2
(2)2/2 + 2] dv

(bs - as)
S‘ zdV

Hemisphere

%g(b‘i _ a4)+<b55-a ) =B1

length of d V
slice for quadrant,
T p sin 0

dV = 7 p sin 0 dA
=(mpsin@) pdodp

= 7/4 (b4 - a4>




-

Thus

q - g??dv =A(H+ﬁ)+Bﬁ
c 1 X y 1l z
Vol 1 (124)

and as in Equation (120), we again may write,

AfH +H) + H = A, Hy + 3
1< X H3> B H, 1 Hj_ B HH (125)
Thus we may use (Ao s Bo) and (A 1 B1> to compare ihe relative effect

on torque of the hemisphere shell caps.

We choose a possible case of interest to compare (T) C and (T) c
1
o

For a tumbling cylinder C_ or C,, with c-oll_{ , then over a rotation

period with H fixed, Avg T is proportional to A + B for C and
proportional to A + B for C since T is proportmnal to Ak IH_L[

+ Bklﬂul ; k = 0, 1and lHl[ = H cos wt, [H“l = Hsin wt.

CASE I
Considering in particular ¢ = 3m, b = 0.625m and h = 0.0lm we get
Bo
A + = = .
o Bo 2 + B0 1.25 BO ; for C0
A+ B =125A +27B = 3B ; for C
1 1 o o o 1

(126)

This gives a factor increase of about 2.4 for C1 over Co
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CASE 11

Again for b = 0.625m, h = 0.0lm andnow ¢ = 2.4m,

B

A +B ==-2+B =1.33B ; for C
3 o} o) 0

A, + B, =1.3A + 3.2B = 3.6B ;forC
(o] 0 o

1 (127)

This gives a factor increase of about 2. 7 for C1 over Co . Of esurse the
torque alse is proportional directly to £ and the overall length of the C1
cylinders is larger so that, although the effect of the ends being capped is
high (factor of 2 to 3 increase in torque for the dimensions used), a rough

comparison between cas2s 1 and 2 gives

1 128)

Thus, as the length of the cylinder section drops, the curved end caps
contribute an increasing percentage to the torque. However, the reduction
in cylinder section length affects the torque so as to result in about the same

torque for two capped cylinders of the dimensions considered.
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SECTION IV

DYNAMIC INTERACTIONS AND SHELL DESIGN

DECAY 1iME FACTORS

As noted in the introduction, we are not concerned here directly with
the time continuous motion of the body interacting with the eddy current
torques which both oppose w (decay torque compo:.ent) and alter the

orientation of (turning torque component).

We concentrate only on the decay effects and assume the wto H
orientation fixed in order to assess in a conservative manner the time
constants associated with decay. The basic dynamic equation relating decay

torque TD to acceleration dw/dt = w is
T . =1w (129)

where I is the moment of inertia about the rotation axis in the w direction.

We shall consider with ¢ |H (e H=H J.)

TD ; k=1,2 3,4

k
where
k = 1: Spinning Spherical Shell
k = 2: Spinning Cylindrical Shell (open-ended)
k = 3: Tumbling Cylindrical Shell (open-ended)
= 4 Tumbling Cylindrical Skell with Hemisphere Shell Ends
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For k =1

From Equations (55) or (67) with 9H/dt = 0 assumed,

T, = - -212 Hob ha
1 3c (130)

or more exactly with 8H/8t = Vv x E # 0, from Equation (68) or {76)

(i. e.,at higher initial w values)

T, =-__ o B obvihe
1 302 [1 . b2 0.2 h2 wZ]
9 (131)
Equation (131) leads to
. dw _ ¢, w
at P
1 + czw (132)
where
2 4
2rH ob h L e = b20'2h2/9
1 2 2
3c
Then
I
- +Ilcw]dw = - c_dt (133)
w 2 1
Taking wi{t = 0) = @, we get
/wz ) c"02\ c,t
\ —————————— —1 — —
In (0/w ) + e, k 7 B (134)
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or

kl 2 —k2t
(w/wo) e (w/wo) -1} = e (135)
with
c @ 2 c
K = 20 o= 4
1 2 T2 1
Fer < i.e.
k1 1 (i.e., for large wo)
w/wo x o Kot {136)

So that the exponential decay time constant becomes

2
l/k = .I_ = i——-—
2 c 2 4
1 2xrH ob™ h (137)

-
]

The same result comes directly from Equation (130) (the 8H/8t = 0 torque

calculation).

Thus it is seen that 'r1 is proportional to I and inversely proportional

to H2 and h. This will hold as well for all g For example with alumi-

num of spherical shell thickness h = .001m.

2
I =3.4kg.mm , b= 0.29m, H = 0.3 oersted*, (see reference (7)) .

™ = 70 days.

*We take this tc be representative value of earth magnetic intensity at
about 300 nautical miles,
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For k = 2

From Equations (94) or (113)

— 2 3 -
T = -717H o6b fhow
D, = (138)

or more exactly from Equation (93)

T o= 1rH2 a b3 thw
D2 02 1+ b2 0’2 h2 w2
4 (139)

Aside from new values for c, and C, Equations (138) and (139) correspond

exactly in form to Equations (130) and (131) respectively.
Then from Equation (137)

102

TH2ob° 2 h (146)

1'2 =
For £ = 3m, H = 0.3 oersted, b = 0.625m, h = 0.0Im {1 cm) and
2
aluminum together with an imposed value I = 75 kg - m (this value cannot
be attained with the dimensions given using only aluminum, see following

section).

1'2 = 1.2 days

We may note in passing ihat for fixed H, and the same material

Tz 1 ()% \(
T 371 LN\, ¥ hl
1 (141)
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For k = 3

From Equation (107) we obtain as an average time constant

I 16(:2 _ I 402
srHe (b - a¥)e srEobSen (142)

3 =
For the same physical constants and dimensions as used in k = 2 we get

73 = 1.6 days.

Fork = 4

From Equations (107) and (129) we may write

149 - oo (143)
w 1
Then
I =
G () [CoEZ ),
4 c1k=4 I3 (cl)k=4 3
(144)
From Equations {84), (126), and (12%* we write
(TD)k - = K (TD>k _
B {145)
where, for the dimensions of interest,
O -
K = —1-——-—— = 2.5
cl)
k=3
(146)
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For tumbling we consider I as follows for k = 3

» 2 2
I= =
Ixx S‘ z dm + gy dm
Vol Vol
* 2a
r
z *P
,f y
l/,,/' £/2 b 2xn
l |k--—-bl (\ 9 2
=y J S‘ z  + (r cos9) rdodrdz (147)
-2/2 a 0
/"‘\
2b

¢ z

? 4
'4!:%0

| P

I ~»p

M —— Y

P
s 8

T

Thus, using Equations (115) and (116)

: 1) .
(xxk=3 3 r

1]
Puaf
[
|=I
-~
[}
TN
™o
|
o
\_IO/
+
2
| =
o
S
]
®
=

A
1
<
ey
>
(o)
4
R
—

(148)




YR YT

In a similar way but following the type of calculation used in (122) and

(123), we obtain for k = 4

2
3\ 2 0 (. 4 4
I =I=y[~r(b-a)-—-+—(b-a)
xxk=4 4 3 2
81(5 5)] 723(2 2)
i \b -2/t g\ -2
+7—£-(b4—a4):|
z
=7[A1+ Bl] (149)
Thus
C
L (1)1{:3 1
T =kogp=1
3 (1)1{:4 (150)
so that
Ty ®F Ty (151)

Therefore for the dimensions usedin k = 3

Ty = 1.6 days.

INERTIA, WEIGHT AND ORBIT LIFE

For purposes of sheil design wilh orbiting about the ca
interested not only in eddy current decay but a host of other effects. Here

we will concentrate additionally only on orbit lifetime as determined by
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aerodynamic drag. * Also the weight of the object is of interest as well as its
size. For radar applications a conducting object is assumed and so eddy

current decays wiil also be considered in the design.

'The model considered will be as before w:th the cylinder shape tumbling
so that the angular velocity is normal to H, but now with the orbiting motion
experiencing the effects of drag. The choice of inertia and weight is

coupled into both the eddy current and orbit drag considerations.

For the purposes at hand we take

% ko

5 k =38 or 4
h H (152)

&
where
Kk is a constant depending on body geomefry
Ik is the tumbling moment of inertia
h is the shell thickness

Now, as noted previously, if I is not arbitrarily specified

Kely = K 1 (153)

so that only one set of eddy current calculations need be done for the case

k = 3 or k = 4 cylinders whenever I is not imposed.

Of course for thin shells, I can be shown proportional to h. For

example, from Equation (149)

*For aerodynamic drag effects on motion about the center of mass, see
Reference (19).
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£'b 2.2 2 8b :l
= k4 — + “a
14 Y h[ 5 2 b 34h” + 3 (154)
for h <« a. Thus 7 is independent of h (with I not imposed).

A useful value of T for orbit applications might be about 1.7 years

since this would result in 95 percent reduction in « in about 5 years.

If we assume that orthogonality of H and w is unlikely, and take H

find

reduced to= 0. 8H (H2 to = 0. 64 Hz) and if we impose a fixed value of
2
I = 75 kg-m , thenfor ¢ = 3m, b = 0.625m, H = 0.3 oersted,

h = 0.01lm, as for 73, we getwith k = 2.4

T, 2 1,05 days

say, for example

Ty = 1.2 days.
The thickness then required to give T s = 1.7 years with all other
factors remaining the same, becomes
3 h, = 0.0018 cm == 0.75 mils.

4 =

Now for most operational radar applications, the radar skin depth

(i1 MM

c
e = . =
6 (Zfr 0w \ 1/2 0.004 cm 6min,
radar/
so that
h 4 = 4.5 omin

where we desire
E h =236 ,
E min.
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Considering that the all-aluminum shell determines the tumbling

, inertia itself (i.e., I is not imposed) thenfor h < b
. T, = T, = constant= 1.8 weeks (155)

for H = 0.30ersted, £ = 3m, b = 0.625m.

If the length had been decreased, then for example 7 4 would decrease
slightly to about 1. 3 weeks since the torque would remain about the same
(see page 40) while the inertia would decrease. For the length-to-radius
ratios considered here, the decrease in torque is less than that in inertia
so that 7 decreases.

In order to realize

. 'r3 = 'r4 = 1.7 years

we reduce the torque by taking small h == 0,002 cm and increase I by

forming a non-conducting backing (say plastic) inside the conducting skin.

Using calculations similar to those for describing I, we find for the

f mass, M

§ M=y7r(b2-a2)£

3

| w, = e (o - a2)n s 200 - 0]

4 (156)
:? Then the weight, W, in pounds with M in kg. is
3
P W=22M (157)
' For thin shells
’ M=K h (158)

- m

with Ky, constant for a fixed shape and size.
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I (tumble)

To illustrate a design, we find using a plastic with specific gravity

1.5, and h (aluminum) = 0.002 cm,

h (plastic) = 1/2 cm: I (alum + plastic) = 154 kg—m2
w {(alum + plastic) = 189 lbs.
T =2 3.5 years
h (plastic} = 1/4 cm: I (alum + plastic) = 76 kg—-m2
w (alum + plastic) = 96 1bs.

T = 1.7 years

Thus by striving to minimize torque by decreasing the conducting
thickness while increasing the inertia with a plastic backing (without causing
a large weight increase) reasonable eddy current time constants for rotating

shells can be achieved.
[19]

essentially independent of altitude, affecting the rotating motion require

It may also be meniioned that aerodynamic considerations,

- > 4.5 in corder that the stable mode be tumbling.
I (spin)

With the spin inertia calculated as

13 (spin) = v « (b4 - a4>

. 4 4\t 87 (5 5
I4(SP‘“""”/[” (b -a)§+1—5(b 'a)]

the above design yields

NI

(159)

(160)

I (tumble)
spin

= 5 > 4,5

50

P




Since we have been varying weight, inertia and surface areas, we have

. been changing the orbit lifetime due to aerodynamic drag.

Omitting the details of the computation and considering eccentric

[ 20]

orbits at 300 nautical miles perigee we find, using decay data, for

€ = 0 (circular orbit)

200# gives orbit life = 189 days

300# gives orbit life = 280 days

i}

and for € = 0.05 (apogee = 694 nautical miles)
W = 200# gives orbit life 2= 1658 days

300# gives orbit life == 2430 days

W =

- At a circular orbit of 450 nautical miles
W = 200# gives orbit life = 2160 days
W = 300# gives orbit life = 3705 days

In these calculations, b = 0.625 1, £ = 3m, an average inflight
projected area for the hemisphere capped cylinder of 32. 6 ft2 and a

CD = 2,2 were used.

It turns out that, at the 450-nautical mile orbit, an orbit lifetime about

twice as long as the eddy current time constant lifetime is achieved.
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